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1. INTRODUCTION 
For various types of problems in linearized elasticity theory, I [3,4] have 
indicated that existence of solutions generally fails if uniqueness fails. The 
purpose of this paper is to present related results. 
In elasticity theory, the possibility that certain types of boundary value 
problems be “ill posed” is commonly realized in stability investigations. 
Most often, attention is concentrated on questions of uniqueness for a linear- 
ized system of equations, such problems being comparatively tractable. 
Questions of existence and continuous dependence of solutions on given data 
seem to be equally pertinent, but there has been a lack of technique for deter- 
mining when, say, existence fails. The tacit assumption or hope is that 
problems are well posed when uniqueness obtains. For this view, our results 
provide only very qualified support. 
2. GOVERNING EQUATIONS 
The class of linear theories considered is that of small elastostatic deforma- 
tions superposed on large, with zero body force. Existence of a strain energy 
is assumed. In rectangular Cartesian material coordinates, the governing 
differential equations can be written in the form1 
t .P.B - 0, (2.1) 
tea = kz,,,uu,, 9 (2.2) 
where k is a tensor, generally varying with position, such that, 
k am = &wcLs 9 (2.3) 
* This research was supported by a grant from the National Science Foundation. 
1 Cf. Toupin and Bernstein [6]. 
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t is an incremental stress tensor, and u an incremental displacement. Now 
(2.3) is the condition that the equations be formally self-adjoint, or, as is 
noted by Zorski [a], that any pair of solutions which coexist in a region R, 





Here T and u represent an incremental stress vector and displacement vector 
for one solution, bars denoting corresponding quantities for the other. 
Specifically, 
Ta = t*?lp (2.5) 
where n is the outward directed unit normal on 3R. Also, (2.1) implies that 
rdS = 0. (2.6) 
aR 
It is clear from (2.1) and (2.2) that we always have the trivial solutions 
u = const., t = 0. (2.7) 
By using these to normalize other solutions, we can assume, with no real loss 
of generality, that 
I udS = 0. cw aR 
In degenerate cases, other somewhat similar conditions obtain. Sometimes, 
the stress characterizing the large deformation, about which linearization 
is made, is invariant under a continuous group of rotations. Linearized 
versions of these rotations then yield t = 0. In such cases, (2.8) is supple- 
mented by one or more conditions of the form 
a* s p x rdS = 0, aR PI 
where p denotes a position vector and a is parallel to an axis of rotation. Here 
one can use the “trivial” rotations to further normalize displacements o that 
aa p x udS = 0. 
aR 
(2.10) 
In the classical linear theory, obtained by linearizing about an unstressed 
state, (2.9) must hold for all a. Rather clearly, an existence or uniqueness 
theorem which might hold in some less degenerate cases may fail when 
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there is such degeneracy, though the failure might occur only in a rather 
trivial way. These observations are not obvious from what has been said, 
depending on special properties of K which seem not to be relevant for our 
purposes. 
Various inequalities restricting k have been considered as being more or 
less plausible on physical grounds .2 My preference is to regard Fz as essentially 
arbitrary and to seek a meaningful mathematical classification of the equa- 
tions considered. I have some fear that intuition as to what elasticity theory 
should predict is too strongly prejudiced by the classical linear theory. In 
any event, such inequalities play no explicit role in what follows. 
Clearly, continuity assumptions are tacitly made in the foregoing. It is easy 
to list sufficient conditions for the above equations to hold, so we shall not 
labor the point here. 
3. BOUNDARY VALUE PROBLEMS 
Our main results are theorems involving pairs of boundary value problems. 
For simplicity, we restrict attention to two very commonly considered types, 
for a fixed region R, viz 
I. II is specified on aR, 
II. r is specified on aR. 
Data for these problems must be selected from some space or spaces. Here, 
we employ one data space. It is required to be a Hilbert subspace S? of the 
Hilbert space X1 with norm 
II v II2 = 1, v . vdS < co, VEX,. (3.1) 
Thus the inner product in 3 is given by 
(v,w)=JaRv.wdS, v,w~XCc%‘~. (3.2) 
One obvious condition to impose to eliminate some extraneous data is sug- 
gested by (2.6) and (2.8). 
I vdS = 0, VEST. (3.3) BR 
2 Truesdell and Toupin [7j. 
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Where appropriate, one might similarly use (2.9) and (2.10). Actually, the 
particular choice of 8 is not important in what follows, beyond influencing 
applicability of the results. 
For a given choice of k, let LZ’~(T,) d enote the linear space, not necessarily 
a Hilbert space, consisting of all z, E X such that there is at least one solution 
in R of problem I(I1) with u = v on aR (T = v on aR) and r E X on 
aR (u E &’ on aR). Solutions with data in these spaces are then such that 
(7, u) exists and is finite. At least for finite regions, workers in mechanics 
tend to reject or to put in a separate category singular solutions not having 
this property, 
We wish to discuss what happens when existence fails. For this, it seems 
necessary to formulate hypothetical existence theorems. Unfortunately, 
results obtained will depend somewhat on the formulation. I have not found 
a line of thought which leads to a definite choice. I have attempted to esti- 
mate what might be provable in special cases, based on available existence 
theories such as are given by Browder [I] and Fichera [5] and to take into 
account common practices in mechanics. My choice, based partly on sub- 
jective considerations, is, for problems I and II, respectively, 
Pu is dense in X, (3.4) 
Zp, is dense in J?‘. (3.5) 
Within some limits, “solution” can be interpreted as “weak solution.” 
It is necessary that (2.4) hold for every pair of solutions. Further, there 
should be no distinction between solutions of problems I and II, at least 
when the surface data T and u both lie in Z. 
4. NONEXISTENCE 
Our main result is the following 
THEOREM 1. Suppose that the hypothetical existence theorem (3.5) fails. 
Then at least one of the following must hold: 
(a) Equation (3.4) fails. 
(b) There exist sequences of solutions with surface data r,, , u,, and a vector 
v E 2, v # 0, such that 
;z II un -ve,l =o. (4.2) 
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Proof. Suppose that (3.5) fails. There will then exist v E Z, v # 0 such 
that 
(v, T) = 0, 7EdPt (4.3) 
I.e., the closure of 9, will have a nonnull orthogonal complement in s?. 
Either (3.4) fails, or there will exist u, G gU such that 
lim j/ u, n-t’w -VII =o, 
9% being dense in Z. Further, for solutions of problem I corresponding to 
these, we will have, by (2.4), 
;#i (u, , T) = (v, T) = 0 = ;z (24, T ), 
wherein u represents the displacement vector for any possible solution. 
Q.E.D. 
As one partial converse, we have 
THEOREM 2. If conclusirm (b) of Theorem 1 holds, (3.5) must fail. 
Proof. By reading the above proof backwards, we easily obtain (4.3), so 
9, must have a nonnull orthogonal complement in ~9’. Thus St is not 
dense in &‘. Q.E.D. 
Another partial converse is 
THEOREM 3. If (3.4) fails, then at least one of the followikg must hold: 
(a) Equation (3.5) fails. 
(b) There exist sequences of solutions with surface data 7, , u, and a vector 
w E X, w # 0, such that 
lim (u, , T) = 0, *-KC TELZ$ (4.4) 
$2 11 Trt -w 11 =o. (4.5) 
Proof. This is entirely similar to that for Theorem 1. As in Theorem 2, 
we can prove 
THEOREM 4. If conclusion (b) of Theorem 3 holds, (3.4) must fail. 
If, in (4.3), we can choose v E 9,, , there will exist solutions with surface 
data 6, 12 such that 
(?, u) = 0, U~~U, 22 = v. (4.6) 
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If (3.4) holds, so that -E”, is dense in &‘, (4.6) requires that 
9 = 0, iz=v#O, 
which means that uniqueness fails for Problem II. Similar remarks apply 
to (4.5). Thus, with the qualifications indicated, nonexistence implies non- 
uniqueness. 
For some equations, it is possible to have nontrivial solutions with 
7 = u = 0 on aR, in which case Theorems 2 and 4 do not apply. This occurs 
for equations obtained by setting 
For this example, it isn’t difficult to show that (3.4) holds for a sphere or 
other smooth regions, but data for which problem II is soluble is rare indeed. 
Thus nonuniqueness does not necessarily imply nonexistence. 
For a linear equation not included among those here considered, Coleman, 
Duffin, and Mizel [2] have discussed cases where a uniqueness theorem 
holds, but where existence can fail and where, loosely, solutions fail to depend 
continuously on given data. Their results suggest that alternative (a) in 
Theorem 1 or 3 is not merely an artifact introduced by the mode of proof. 
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